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POLYHEDRAL COMPACTIFICATIONS, I
CORINA CIOBOTARU, LINUS KRAMER AND PETRA SCHWER
Abstract. In this work we describe horofunction compactifications of metric spaces and finite
dimensional real vector spaces through asymmetric metrics and asymmetric polyhedral norms
by means of nonstandard methods, that is, ultrapowers of the spaces at hand. The compact-
ifications of the vector spaces carry the structure of stratified spaces with the strata indexed
by dual faces of the polyhedral unit ball. Explicit neighborhood bases and descriptions of the
horofunctions are provided.
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1. Introduction
In this work we describe a construction of compactifications of metric spaces and in particular
of certain finite dimensional real vector spaces. The main idea is to use Gromov’s embedding
(which is a modification of Kuratowski’s embedding) of metric spaces into spaces of continuous
functions. In our approach we replace a metric in the usual sense by an asymmetric metric δ.
Our ultimate goal is to study compactifications of euclidean buildings by means of Gromov’s
embedding. We will deal with this case in a sequel [CKS20] to this work. The most interesting
case for us here is the case where the asymmetric metric is given by a polyhedral asymmetric
norm on a finite dimensional real vector space V .
This approach to compactifications via horofunctions is very natural and avoids the heavy arith-
metic machinery that was previously used in [RTW12, Wer07] in order to obtain compactifications
of buildings. Our approach also avoids most of the cumbersome combinatorial arguments which
appear in other work, as eg. in [Cha09], [KL18], [Lan96]. The idea to use Gromov’s embed-
ding for certain compactifications has been used by many authors [Br06], [Gut], [HSWW17],
[JS16, JS17], [KMN06], [KL18], [Wal07]. We refer also to the excellent books [BJ06, GJT98].
One novelty of our approach is that we use nonstandard methods. A main result in the present
Part I reads as follows.
Theorem. The compactification V̂ of a finite dimensional real vector space V with respect to
an asymmetric polyhedral norm ν is a stratified space, where the strata are indexed by the dual
faces of the polyhedral unit ball B. The combinatorial structure of the stratification of V̂ (with
respect to the closure relation) is isomorphic to the poset of all faces of the dual polyhedron B∨
of B. Moreover, V̂ is homeomorphic to the dual polyhedron B∨.
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To our best knowledge this result was first shown by Brill [Br06] in the case of symmetric
polyhedral norms. The general case was, using completely different methods, also proven by Ji
and Schilling [JS16].
For precise statements see Theorem 6.17 and Corollary 6.27. Moreover, in Theorem 6.24 we pro-
vide an explicit neighborhood basis for the topology of the compactification. Descriptions of the
horofunctions (for metric spaces) in terms of nonstandard analysis are provided in Theorem 5.2
and in case of asymmetric norms in Theorem 6.2.
Let us explain the main ideas that underly the proof. Let δ be an asymmetric metric on a proper
metric space (X, d). The Gromov embedding X −→ C(X)/R assigns to every point p ∈ X the
coset δ(p,−) +R. The compactification of X is defined to be the closure X̂ of the image of X in
the topological vector space C(X)/R. The maps in this closure X̂ are the horofunctions of X. If
δ is bi-Lipschitz equivalent to d and if δ is geodesic in a weak form, then the Gromov embedding
is indeed a topological embedding.
In order to understand the horofunctions in X̂, we use the ultrapower ∗X of X with respect to a
free ultrafilter. Our first main result is that for a proper metric space X, every horofunction of
X is infinitesimally close to a function ∗δ(p,−)− ∗δ(p, o) for some base point o ∈ X, where now
p is a point in the ultrapower ∗X. These points can be thought of as being ’infinitely far away
from X’. In this way we completely avoid the cumbersome notion of ’sequences converging at
infinity’. Indeed, we do not use any sequences at all in this article, save for Corollary 6.26 which
is included for the sake of sequence-minded readers.
In case that the asymmetric metric is given by an asymmetric polyhedral norm ν on a finite
dimensional real vector space V , we classify the horofunctions in V̂ completely in terms of the
combinatorial structure of the unit ball B of ν. In particular, we show that the compactification
V̂ of V with respect to an asymmetric norm is combinatorially equivalent to the dual polyhedron
of the unit ball B ⊆ V .
In subsequent work [CKS20] we will study horofunctions on an affine building X using the
ultrapower ∗X of the building. We note that ∗X is a so-called Λ-building, as studied in [KL97,
SS12, KW14], axiomatized in [BS14] and studied by Schwer in her PhD thesis [Hit09]. We
will also compare these compactifications in [CKS20] with the compactifications constructed in
[Lan96, RTW12, Wer07]. Finally, we will study the dynamics of discrete group actions on the
building, using the compactifications.
Our work is very much related to Brill’s 2006 PhD thesis [Br06], in which compactifications
of buildings with respect to a given polyhedral norm on the apartments had been studied. In
contrast to our approach, Brill did not consider asymmetric norms. Although several of our
results parallel the main results in Brill’s thesis, our methods are rather different.
The paper is organized as follows: We start with some basic material on topologies on func-
tion spaces in Section 2 and introduce asymmetric norms and metrics in Section 3. Section 4
contains the construction of horofunction bordifications of metric spaces (X, d) with respect to
certain asymmetric metrics δ. We note that the natural injection of X into its bordification is
not always an embedding and provide conditions on δ so that the space X can be topologically
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embedded into its bordification. Section 5 then contains a description of horofunction bordifica-
tions via nonstandard analysis. This description is used in Section 6 to study bordifications of
finite dimensional real vector spaces with respect to metrics induced by asymmetric norms.
Acknowledgement: LK and PS were partially supported by SPP2026 Geometry at Infinity,
project no. 20. LK benefited very much from a stay at the Mathematical Institute Oberwolfach
in the winter of 2020. The authors would like to thank Andreas Berning, Siegfried Echterhoff
and Gaiane Panina for helpful remarks.
2. Topologies on function spaces
In this section we review some material on topologies on function spaces and state Ascoli’s
theorem.
Let (X, d) be a metric space. Given p ∈ X and ε ≥ 0, we put
Bε(p) = {q ∈ X | d(p, q) < ε} and B¯ε(p) = {q ∈ X | d(p, q) ≤ ε}.
We call (X, d) proper if every closed bounded set K ⊆ X is compact. Proper metric spaces
are always complete. We recall some basic facts about function spaces. Let C(X) denote
the commutative R-algebra of all real-valued continuous functions on X. There are several
topologies on C(X) and related R-algebras which we briefly review. We will be interested in
the topology of compact convergence, the topology of point-wise convergence and the topology of
uniform convergence on bounded sets. There is a uniform way to construct these topologies which
goes as follows, see [Sch71, KN76].
Let S be a collection of subsets of the metric space X. Assume that
(i) X =
⋃
S and
(ii) for all P,Q ∈ S, there exists R ∈ S with P ∪Q ⊆ R.
Let CS(X) denote the vector space of all functions ϕ which are bounded and continuous on every
member Q of S. Given Q ∈ S, ε > 0 and ϕ ∈ CS(X) we define
NQ,ε(ϕ) = {ψ ∈ CS(X) | |ψ(q)− ϕ(q)| < ε for all q ∈ Q}.
These sets form a basis for a topology TS on CS(X). A set U ⊆ CS(X) is open if for every
ϕ ∈ U , there exist Q ∈ S and ε > 0 such that NQ,ε(ϕ) ⊆ U . In this topology, CS(X) becomes a
locally convex topological vector space and a commutative topological R-algebra. The cases of
interest to us are the following.
(1) S = Fin is the collection of all finite subsets of X. This yields the topology TFin of point-wise
convergence on CFin(X) = XR =
∏
X R, which coincides with the product topology. This
topology does not depend on the metric d.
(2) S = Uni = 2X is the collection of all subsets of X. Then we obtain the topology TUni of
uniform convergence on the space CUni(X) = BC(X) of all bounded continuous functions on
X, and BC(X) is a Banach space (which will not be relevant here).
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(3) For S = Cmp = {K ⊆ X | K is compact} we obtain on CCmp(X) the topology TCmp of
uniform convergence on compact sets, which coincides with the compact-open topology.
Since X is a metric space, a function on X is continuous if and only if its restriction to every
compact subset of X is continuous, see [Dug66, VI.8.3 and XI.9.3]. Thus CCmp(X) = C(X)
is a complete locally convex topological vector space.
(4) If S = Bnd is the collection of all bounded sets, then TBnd is the topology of uniform
convergence on bounded sets, and CBnd(X) ⊆ C(X) is the space of all continuous functions
which are bounded on all bounded sets. If we fix a base point o ∈ X, then the set {B¯2k(o) |
k ∈ N} is cofinal in Bnd and {NB¯
2k
(o),2−`(ϕ) | k, ` ∈ N} is a countable neighborhood basis
of ϕ ∈ CBnd(X). In particular, we may work with sequences in this space if we wish so.
We note that the natural maps
(CFin(X), TFin)←− (CCmp(X), TCmp)←− (CBnd(X), TBnd)←− (CUni(X), TUni)
are continuous, because we have inclusions
Fin ⊆ Cmp ⊆ Bnd ⊆ Uni.
If X is proper, then TBnd = TCmp and if X is discrete, then TFin = TCmp. In general, all four
spaces and topologies are different. Now let o ∈ X be a base point and put
IS,o(X) = {ϕ ∈ CS(X) | ϕ(o) = 0}.
This is the kernel of the evaluation map at o,
CS(X) −→ R, ϕ 7−→ ϕ(o),
and hence a maximal ideal in the ring CS(X). The evaluation map at o is continuous, hence
IS,o(X) ⊆ CS(X) is a closed hyperplane. There is a continuous linear projector
pro : CS(X) 7−→ IS,o(X), ϕ 7−→ ϕ− ϕ(o).
The kernel of pro is the subring of CS(X) consisting of all constant real functions on X which
we identify with R. Therefore CS(X) splits as a topological vector space as
CS(X) = R⊕ IS,o(X).
To see this, we note that the natural homomorphism R⊕ IS,o(X) −→ CS(X) is continuous and
bijective. Its inverse is the map ϕ 7−→ (ϕ(o), pro(ϕ)), which is also continuous.
It follows from the diagram
CS(X) IS,o(X)
CS(X)/R
inc
pro
that there is a natural isomorphism of topological vector spaces
CS(X)/R ∼= IS,o(X)
that maps ϕ+R to ϕ−ϕ(o). In particular, there is an isomorphism of topological vector spaces
IS,o(X) ∼= IS,p(X)
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for all o, p ∈ X. We also recall Ascoli’s Theorem.
Theorem 2.1 (Ascoli’s Theorem). Assume F ⊆ CCmp(X) is equicontinuous and that for each
p ∈ X the set F (p) = {ϕ(p) | ϕ ∈ F} ⊆ R is bounded. Then F has compact closure F in
CCmp(X) with respect to the compact-open topology TCmp.
This closure F coincides (set-theoretically and topologically) with the closure of F in CFin(X) =
XR with respect to the topology TFin.
Proof. The first claim is classical, see [Dug66, XII.6.4]. Since the closure F ⊆ CCmp(X) is
compact, the continuous injection
CCmp(X) −→ CFin(X)
restricts to a closed embedding on F . 
The isometry group Isom(X) acts in a natural way from the left on CS(X), forS = Fin,Cmp,Bnd.
This action fixes the subring R ⊆ CS(X) of constant functions pointwise, and from this we get
an induced left action on CS(X)/R. If we put
(gψ)(x) = ψ(g−1(x))− ψ(g−1(o)),
for g ∈ Isom(X) and ψ ∈ IS,o(X), then the diagram
CS(X) IS,o(X)
CS(X)/R
pro
is Isom(X)-equivariant.
Suppose that A ⊆ X is a closed subset. We put S|A = {Q∩A | Q ∈ S}. For S = Fin,Cmp,Bnd,
the set S|A is the set of finite/compact/bounded subsets of A. We have a natural continuous
restriction homomorphism of topological vector spaces
CS(X) −→ CS|A(A)
that maps a function ϕ to its restriction ϕ|A. In the commutative diagram
CS(X) CS|A(A)
CS(X)/R CS|A(A)/R,
pr
rA
the map pr is open and thus rA is a continuous homomorphism.
3. Asymmetric norms and asymmetric metrics
Definition 3.1. Let X be a set. An asymmetric metric on X is a map δ : X ×X −→ R such
that the following hold for all u, v, w ∈ X.
(i) δ(u, v) ≥ 0.
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(ii) δ(u, v) = 0 if and only if u = v.
(iii) δ(u,w) ≤ δ(u, v) + δ(v, w).
In contrast to a metric we do not require that δ(u, v) = δ(v, u). Thus, every metric is in particular
an asymmetric metric. If d is a metric on X, we put
Isomδ(X) = {g ∈ Isom(X) | δ(g(u), g(v)) = δ(u, v) for all u, v ∈ X}.
In a similar vein, we may define asymmetric norms.
Definition 3.2. An asymmetric norm on a real vector space V is a map ν : V −→ R such that
the following hold for all u, v ∈ V and all r ≥ 0.
(i) ν(u) ≥ 0.
(ii) ν(u) = 0 if and only if u = 0.
(iii) ν(ru) = rν(u).
(iv) ν(u+ v) ≤ ν(u) + ν(v).
In contrast to a norm, we do not require that ν(u) = ν(−u). Thus, every norm is also an
asymmetric norm.
Remark 3.3. Any asymmetric norm ν induces an asymmetric metric δ via δ(u, v) = ν(u− v).
Indeed, we have for u, v, w ∈ V that
δ(u,w) = ν(u− w) = ν((u− v) + (v − w)) ≤ ν(u− v) + ν(v − w) = δ(u, v) + δ(v, w).
Lemma 3.4. Let (V, ||.||) be a normed real vector space (not necessarily finite dimensional) and
assume that B ⊆ V is a closed convex, bounded neighborhood of 0. Put
ν(u) = inf{λ ≥ 0 | u ∈ λB}.
Then ν is an asymmetric norm, with unit ball B. Moreover, there exist real constants α, β > 0
such that
||u|| ≤ αν(u) and ν(u) ≤ β||u||
hold for all u ∈ V .
Proof. It is clear from the definition that Condition (i) from Definition 3.2 holds. Since B is
bounded, there exists α > 0 such that the closed ball B¯α(0) of ||.||-radius α around 0 contains
B. Since
r(1 + ε)B ⊆ r(1 + ε)B¯α(0) = B¯r(1+ε)α(0)
holds for all r ≥ 0 and all ε > 0, we have ||u|| ≤ αr if ν(u) ≤ r. This shows (ii), and also that
||u|| ≤ αν(u). If r > 0, then ru ∈ λB if and only if u ∈ λrB. This shows (iii). For s, t > 0
the convexity of B implies that sB + tB ⊆ (s + t)B. Suppose that u, v ∈ V with s = ν(u) and
t = ν(v). For all ε > 0 we have then u ∈ (ε+ s)B, v ∈ (ε+ t)B, whence u+ v ∈ (s+ t+ 2ε)B.
Therefore ν(u+ v) ≤ ν(u) + ν(v) + 2ε. Since this holds for all ε > 0, we have (iv). Since B is a
0-neighborhood, there exists β > 0 such that B¯ 1
β
(0) ⊆ B. Then
B¯r(1+ε)(0) ⊆ βr(1 + ε)B
for all r ≥ 0 and ε > 0, and thus ||u|| ≤ r implies that ν(u) ≤ β||u||. 
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In the converse direction we have the following.
Lemma 3.5. Let ν be an asymmetric norm on a finite dimensional real vector space V . Then
there is a unique compact convex 0-neighborhood B ⊆ V such that
ν(v) = inf{λ ≥ 0 | v ∈ λB}.
Proof. We put B = {u ∈ V | ν(u) ≤ 1} and m = dim(V ). From the definition of B we have
ν(u) = inf{λ ≥ 0 | u ∈ λB}. By the triangle inequality for ν, the set B is convex. Let e1, . . . , em
be a basis for V , and put r = maxj{ν(ej), ν(−ej)}. Then B contains the convex hull of the
2m points ±1rej . In particular, B is a convex neighborhood of 0 in the standard topology of V .
We claim that B is bounded with respect to the euclidean norm ||.|| determined by the basis
e1, . . . , em. Otherwise we find a ||.||-convergent sequence (uk)k≥1 of ||.||-unit vectors uk such that
kuk ∈ B holds for all k ≥ 1. We put u = limk uk and we note that u 6= 0, since ||u|| = 1. Given
s > 0 and k large enough, we have suk ∈ B (because B is convex) and s(u− uk) ∈ B (because
B is a 0-neighborhood). Hence s2u ∈ B for all s > 0. But then ν(u) = 0, a contradiction.
Hence B is bounded. Since B is a 0-neighborhood, it contains a ball Bε(0), for some ε > 0.
Therefore ν is 1ε -Lipschitz and in particular continuous. Hence B is closed and thus compact.
If A ⊆ V is a compact convex identity neighborhood with ν(v) = inf{λ ≥ 0 | v ∈ λA}, then
A = {u ∈ V | ν(u) = 1} and thus A = B. 
4. The asymmetric bordification
In this section we discuss horofunction bordifications of metric spaces with respect to asymmetric
metrics. We discuss conditions under which the space X can be topologically embedded into its
bordification.
Throughout the section we assume that (X, d) is a metric space and that δ : X ×X −→ R is an
asymmetric metric on X which is bi-Lipschitz equivalent to d. That is, there exist real constants
α, β > 0 such that the following condition (bl) holds:
(bl) for all p, q ∈ X, d(p, q) ≤ αa(p, q) and δ(p, q) ≤ βd(p, q).
For a finite dimensional euclidean vector space every asymmetric norm has Property (bl) by
Lemma 3.4 and Lemma 3.5.
Lemma 4.1. Assume that (X, d) is a metric space and that δ : X ×X −→ R is an asymmetric
metric satisfying (bl). Then the map
ιS : X −→ CS(X), p 7−→ δp = δ(p,−)
is an embedding for S = Fin,Cmp,Bnd.
Proof. First of all we notice that
(1) δp(x)− δp(y) ≤ δ(y, x) ≤ βd(x, y).
Hence each δp is Lipschitz continuous and therefore contained in CBnd(X). For all p, q, x ∈ X
we have
δp(x)− δq(x) ≤ δ(p, q) ≤ βd(p, q).
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This shows that the maps ιBnd, ιCmp and ιFin are continuous. Since p is the unique minimum of
δp, these maps are injective.
It suffices to show that ιFin is an embedding. This will imply that ιBnd and ιCmp are also
embeddings. Suppose that A ⊆ X is closed and that p ∈ X − A. Then there exists ε > 0 such
that B¯ε(p) ∩A = ∅. For y ∈ A we have that
δy(p) ≥ 1
α
d(y, p) ≥ 1
α
ε.
Since the evaluation map ϕ 7−→ ϕ(p) is continuous on CFin(X) and since δp(p) = 0, we see that
ιFin(p) 6∈ ιFin(A) (where the closure is taken with respect to TFin). Thus ιFin is an embedding. 
Corollary 4.2. For every o ∈ X the map
ιS,o : X −→ IS,o(X), p 7−→ δp − δp(o)
is a continuous injection, with respect to S = Fin,Cmp and Bnd.
Proof. The map δp − δp(o) has a unique minimum at the point p. Hence ιS,o is injective.
The map ιS,o is the composite of the continuous map ιS and of the continuous projector
pro : CS(X) −→ IS,o(X) and hence continuous. 
Remark 4.3. Contrary to claims made in the literature (eg. [BH99, p. 268]) the map ιS,o need
not be an embedding with respect to S = Fin,Cmp or Bnd, even if X is proper. For an example,
put X = N, with the metric
d(k, `) =
{
0 for k = `
k + ` else.
Then (N, d) is a discrete proper metric space, whence Fin = Cmp = Bnd. Put δ = d. For o = 0
we have
ιFin,o(k)(`) = (`+ k)− k = ` = ιFin,o(0)(`)
for all ` 6= k. It follows that the sequence (ιo(k))k≥0 converges pointwise to ιo(0). In particular,
the image
ιFin,o(N) ⊆ IFin,o(X)
is not discrete.
We need a geometric condition on X that ensures that ιS,o is an embedding.
Definition 4.4. We say that an asymmetric metric δ on a set X satisfies the interval condition,
or has Property (ic) if the following holds:
(ic) for all p, q ∈ X and s ∈ [0, a(p, q)], there is z ∈ X such that δ(p, q) = δ(p, z) + δ(z, q) and
δ(p, z) = s.
Every asymmetric metric induced by an asymmetric norm on a vector space has Property (ic).
Also, every geodesic metric space has this property for δ = d.
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Proposition 4.5. Assume that (X, d) is a metric space and that δ is an asymmetric metric on
X satisfying (bl) and (ic). Then the map
ι˜Bnd : X −→ CBnd(X)/R, p 7−→ δp + R
is a topological embedding.
Proof. Being the composite X Bnd−−−→ CBnd(X) −→ CBnd(X)/R, the map ι˜Bnd is continuous.
Suppose that A ⊆ X is closed and that p ∈ X − A. We claim that ι˜Bnd(p) is not in the
closure of ι˜Bnd(A). For this it suffices to show that ιBnd,p(p) is not in the closure of ιBnd,p(A) in
IBnd,p(X) ∼= CBnd(X)/R. This is what we will show.
There exists ε > 0 such that B¯ε(p) ∩A = ∅. We claim that for every y ∈ A there exists a point
z in the bounded set B¯2ε(p) such that
|ιBnd,p(p)(z)− ιBnd,p(y)(z)| ≥ min
{
1
αε,
2
α2β
ε
}
.
This will show that ιBnd,p(p) is not in the closure of ιBnd,p(A). In order to prove the claim, let
y ∈ A. If d(p, y) ≤ 2ε, we put z = y. Then
ιBnd,p(y)(z) = δy(z)− δy(p) = −δy(p) ≤ 0,
and
ιBnd,p(p)(z) = δp(z)− δp(p) = δ(p, z) ≥ 1αε,
whence
|ιBnd,p(p)(z)− ιBnd,p(y)(z)| ≥ 1αε
in this case. If d(p, y) > 2ε, then δy(p) ≥ 2αε. By (ic) we can find a point z ∈ X with
δy(z) + δz(p) = δy(p) and with δz(p) = 2αε. Then d(p, z) ≤ 2ε and
ιBnd,p(y)(z) = δy(z)− δy(p) = −δz(p) ≤ 0,
while
ιBnd,p(p)(z) = δ(p, z)− δ(p, p) ≥ 1αd(p, z) = 1αd(z, p) ≥ 1αβ δ(z, p) = 2α2β ε.
Hence
|ιBnd,p(p)(z)− ιBnd,p(y)(z)| ≥ 2α2β ε
in this case. 
Proposition 4.6. Assume that (X, d) is a metric space and that δ is an asymmetric metric on
X satisfying (bl). Then ιCmp,o(X) has compact closure in ICmp,o(X), and the same set is also the
closure of ιFin,o(X) in IFin,o(X).
Proof. We put
F = {δp − δp(o) | p ∈ X} ⊆ CCmp(X).
We have
|(δp(x)− δp(o))− (δp(y)− δp(o))| ≤ δ(y, x) ≤ βd(x, y)
by Inequality (1), which shows that F is equicontinuous. For x ∈ X fixed we have
|δp(x)− δp(o)| ≤ δ(o, x) ≤ βd(o, x),
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which is a bounded set. Hence we may apply Ascoli’s Theorem 2.1. 
Definition 4.7. Let (X, d) be a metric space and assume that δ is an asymmetric metric on X
having properties (bl) and (ic). We call the closure of ι˜Bnd(X) in CBnd(X)/R the bordification
X̂ of X (with respect to δ),
X̂ = ι˜Bnd(X) ⊆ CBnd(X)/R.
If (X, d) is a complete CAT(0) space, then this construction gives, for δ = d, the bordification
of X̂ = X ∪ ∂∞X by its visual boundary ∂∞X, as described for example in [BH99].
The space X̂ is a complete uniform space. The uniform structure on CBnd(X)/R is defined by
means of the countable family (dk)k∈N of pseudo-metrics
dk(ϕ,ψ) = sup{|(ϕ(x)− ϕ(o))− (ψ(x)− ψ(o))| | x ∈ X and d(x, o) ≤ 2k},
where o ∈ X is a fixed basepoint.
If X is proper, then TBnd = TCmp and thus X̂ is compact by Proposition 4.6. The representatives
in CBnd(X) of the elements of X̂ are called horofunctions. Horoballs are the sublevel sets of
horofunctions. Every horofunction h has a unique representative in IBnd,o(X), namely h− h(o).
We call these representatives normalized horofunctions with respect to the base point o. The
group Isomδ(X) acts in a natural way from the left on the bordification of X. We recall that
the action of Isomδ(X) on the set of normalized horofunctions is given by
(gϕ)(x) = ϕ(g−1(x))− ϕ(g−1(o)).
5. Horofunctions via nonstandard analysis
Our aim now is to describe horofunctions using nonstandard analysis. We fix a free ultrafilter
µ on a countably infinite index set J . Given any set X, we denote by ∗X the ultrapower of X
with respect to µ. Thus
∗X =
∏
J
X/µ,
where two sequences x, y ∈ ∏J X are identified in ∏J X/µ if {j ∈ J | xj = yj} ∈ µ. There is a
natural diagonal injection
X −→ ∗X
which allows us to view X as a subset of ∗X. If f : X −→ Y is a function, then f has a natural
extension ∗f : ∗X −→ ∗Y . If X = R, then ∗R, endowed with the extended multiplication and
addition, is a field, the field of nonstandard reals. Łos’ Theorem [BS69, 5.2.1] guarantees that the
ultrapower of a given first-order structure satisfies exactly the same first-order formulas as the
original first-order structure. Thus ∗R is an ordered real closed field, because this is a first-order
property: we may write out a sentence, for each n ≥ 1, saying that every polynomial of degree
2n+ 1 has a zero. Likewise, we can write out that every positive element is a square.
The reason why nonstandard structures are interesting is that they contain in general new ele-
ments with remarkable properties. This phenomenon is called ω1-saturation of ultrapowers. If
fn is a countable sequence of first-order formulas in a free variable and if for each n there is an
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element xn ∈ X that witnesses fk for all k ≤ n, then there is an element x ∈ ∗X that witnesses
all formulas fn simultaneously, see eg. [BS69, 11.2.1]. For instance, there exists for every n ∈ N
a real number r such that r > k, for k = 0, 1, 2, . . . , n (eg. r = n+ 1). It follows that in ∗R, there
exist elements r such that r > n holds for every natural number n, i.e. ∗R is a non-archimedean
ordered real closed field 1 which contains R as a subfield. The set of finite elements in ∗R is
defined as
∗Rfin := {r ∈ ∗R | |r| ≤ n for some n ∈ N}.
This subset is a local ring, whose unique maximal ideal is the set of infinitesimal elements, defined
as
∗Rinf := {r ∈ ∗R | |r| ≤ 2−n for every n ∈ N}.
The natural map std : ∗Rfin −→ ∗Rfin/∗Rinf ∼= R is called the standard part map. It splits
surjectively as
0 ∗Rinf ∗Rfin R 0,
 std
inc
compare [Rob63] 9.4.3.
Definition 5.1. Assume that (X, d) is a metric space with basepoint o and that δ is an asym-
metric metric on X which satisfies conditions (bl) and (ic). Then d and δ extend to maps
∗d : ∗(X ×X) = ∗X × ∗X −→ ∗R and ∗δ : ∗(X ×X) = ∗X × ∗X −→ ∗R.
By Łos’ Theorem, ∗δ and ∗d have the same first-order properties as δ and d. In particular, they
satisfy the axioms (i)-(iii) from Definition 3.1, and the conditions (bl) and (ic).
We recall that X may be viewed as a subset of ∗X. For p ∈ ∗X we define a map hp : X −→ R by
hp(x) := std(
∗δ(p, x)− ∗δ(p, o)).
The right-hand side is well-defined, since the triangle inequality for ∗δ implies that ∗δ(p, x) −
∗δ(p, o) ∈ ∗Rfin for all x ∈ X. We note that hp is β-Lipschitz for the constant β in Condition (bl)
and that hp ∈ IBnd,o(X). For p ∈ X we obtain hp = δp − δp(o), which is a horofunction.
In general, not every such hp is a horofunction. We therefore introduce the following notion. Let
us call a metric space (X, d) almost proper if the following holds. For every bounded set Y ⊆ X
and every ε > 0, there exists a finite set Y0 ⊆ X such that Y ⊆
⋃{Bε(x) | x ∈ Y0}, where
Bε(x) := {y ∈ X | d(x, y) < ε}. 2 Every proper metric space is almost proper. Conversely, the
metric completion of an almost proper metric space is proper.
Theorem 5.2. Let (X, d) be a metric space and assume that δ is an asymmetric metric on X
having properties (bl) and (ic). For every normalized horofunction ϕ ∈ X̂, there exists p ∈ ∗X
with ϕ = hp. If (X, d) is almost proper, then conversely every hp, for p ∈ ∗X, is a normalized
horofunction.
1An ordered field is called archimedean if for every field element r, there exists an integer n such that r ≤ n.
2In other words, we require that every bounded subset of X is totally bounded.
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Proof. Suppose that ϕ : X −→ R is a normalized horofunction. Let ∗ϕ : ∗X −→ ∗R denote its
extension to the ultrapower and consider the countable set F = {fk,`(v) | k, ` ∈ N} of formulas
fk,` in one free variable v,
fk,`(v) = ∀x
[
d(x, o) ≤ 2k → |ϕ(x)− (δ(v, x)− δ(v, o))| ≤ 2−`
]
.
For every finite subset F0 ⊆ F , there exists a point p ∈ X such that if we substitute p for the
free variable v, then fk,`(p) holds simultaneously for all formulas fk,` ∈ F0. This is true since ϕ
is a horofunction, which can be approximated to arbitrary precision on each ball of radius 2k by
a map x 7−→ δ(p, x)− δ(p, o), for some choice of p ∈ X. By the aforementioned ω1-saturation of
ultraproducts based on countable index sets, there exists a point p ∈ ∗X such that fk,`(p) holds
simultaneously for all formulas fk,` ∈ F . Hence
ϕ(x)− (∗δp(x)− ∗δp(o)) ∈ ∗Rinf
holds for all x ∈ X, that is, hp = ϕ.
To prove the converse implication, let (pj)j∈J be a sequence in
∏
J X representing an element p
in the ultrapower
∏
J X/µ. We put
ϕj(x) = δ(pj , x)− δ(pj , o)
and we note that these maps are normalized horofunctions. Given ` ∈ N and x ∈ X, the set
J`(x) := {j ∈ J | |hp(x)− ϕj(x)| ≤ 2−`β}
is in the ultrafilter µ, by the definition of hp. Since Yk,` is finite, the set
Jk,` =
⋂
{J`(y) | y ∈ Yk,`}
is also in µ and in particular nonempty. For x ∈ B2k(0), there exists y ∈ Yk,` with d(x, y) ≤ 2−`.
For j ∈ Jk,` we have thus
|hp(x)− ϕj(x)| ≤ |hp(x)− hp(y)|+ |hp(y)− ϕj(y)|+ |ϕj(y)− ϕj(x)|
≤ 3 · 2−`β.
Thus the set of normalized horofunctions {ϕj | j ∈ J} has hp in its closure (with respect to the
topology TBnd), whence hp ∈ X̂. 
Corollary 5.3. Let (X, d) be an almost proper metric space and assume that δ is an asymmetric
metric on X. Let A ⊆ X be a closed subset and assume that both δ and the restriction of δ
to A have properties (bl) and (ic). Then every horofunction on A is the restriction of some
horofunction on X.
Proof. Let ϕ be a horofunction on A. We may assume that ϕ is normalized with respect to a
base point o ∈ A. There exists p ∈ ∗A such that ϕ(x) = std(∗δ(p, x)− ∗δ(p, o)). Since X is almost
proper and since ∗A ⊆ ∗X, the map hp is a horofunction on X, with hp|A = ϕ. 
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In the setting of proper metric spaces the previous corollary follows also directly. If A ⊆ X is a
subspace, we may consider the commutative diagram
A X
CCmp|A(A)/R CCmp(X)/R.
inc
ι˜Cmp|A ι˜Cmp
rA
By continuity we have an inclusion rA(ι˜Cmp(inc(A))) ⊆ ι˜Cmp|A(A) and by compactness of ι˜Cmp(inc(A))
we have equality. Hence rA(ι˜Cmp(inc(A))) = Â if A and X are proper and satisfy (bl) and (ic).
In particular, rA maps ι˜Cmp(inc(A)) homeomorphically onto Â if and only if rA is injective on
ι˜Cmp(inc(A)).
6. Polyhedral norms
In this section we introduce asymmetric norms determined by compact convex polyhedra. Through-
out we fix a finite dimensional real vector space V , with dual V ∨ = HomR(V,R) and assume
that d is a euclidean metric on V . Then the metric space (V, d) is proper. We fix o = 0 ∈ V as
the base point.
Let B ⊆ V be a compact convex polyhedral 0-neighborhood and let A0, . . . , Am ⊆ B be the
codimension-1-faces of B. Corresponding to each Aj ⊆ B, there is a unique linear functional
ξj ∈ V ∨ such that Aj = {v ∈ B | ξj(v) = 1}. This allows us to write B as
B = {u ∈ V | ξ0(u), · · · , ξm(u) ≤ 1}.
The asymmetric norm ν determined by B as in Lemma 3.4 is then given by
ν(u) = max{ξ0(u), . . . , ξm(u)}.
We put K = {0, . . . ,m}. A nonempty subset L ⊆ K is called a dual face if there exists v ∈ V
with ν(v) = 1 such that
L = {k ∈ K | ξk(v) = 1}.
The geometric motivation for this is as follows. The set B has a polyhedral dual B∨ ⊆ V ∨,
which is given by
B∨ = {ξ ∈ V ∨ | ξ(u) ≤ 1 for all u ∈ B}.
Thus B∨ is the convex hull of ξ0, . . . , ξm. The proper faces of the polyhedron B∨ are precisely
the convex hulls of the sets {ξ` | ` ∈ L}, where L ⊆ K is a dual face as defined above. We
emphasize that a dual face in our setup is just a subset of the index set K. We denote the set
of all dual faces by
Σ = {L ⊆ K | L is a dual face}.
For any nonempty subset L ⊆ K we put
νL(u) = max{ξ`(u) | ` ∈ L}.
Thus ν = νK . The negative cone of L is the set
NL = {v ∈ V | ξ`(v) ≤ 0 for all ` ∈ L}.
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If W ⊆ V is a linear subspace with W ∩NL = {0}, then the restriction νL|W is an asymmetric
norm on W .
Lemma 6.1. There is a real constant γ > 0 such that
|νL(p)− νL(q)| ≤ γ||p− q||
and
|νL(p− u)− νL(p)− νL(q − u) + νL(q)| ≤ 2γ||p− q||
hold for all subsets L ⊆ K and all u, p, q ∈ V .
Proof. We choose γ in such a way that |(ξk−ξ`)(u)| ≤ γ||u|| holds for all k, ` ∈ K and u ∈ V . 
We obtain a proper metric space (V, d) and, if we put
δ(u, v) = ν(u− v),
the asymmetric metric δ satisfies conditions (bl) and (ic). Its normalized horofunctions are by
Theorem 5.2 the maps
hp(v) = std(
∗ν(p− v)− ∗ν(p)),
for p ∈ ∗V . The first aim of this section is to show the following.
Theorem 6.2. The normalized horofunctions of V with respect to the asymmetric metric δ as
above are precisely the maps
u 7−→ ν(p− u)− ν(p),
for p ∈ V , and the maps
v 7−→ νL(p− u)− νL(p),
for p ∈ V and L ⊆ K a dual face.
The proof of this theorem requires some preparations and can be found on page 17.
Lemma 6.3. Let V be a finite dimensional real vector space and let η1, . . . , ηn be nonzero linear
functionals on V . Let d be a euclidean metric on V . Then there exists a real constant c > 0,
depending only on η1, . . . , ηn, such that the following holds. If v ∈ V is a vector with |ηi(v)| ≤ 1
for all i = 1, . . . , n, then there exists a vector w ∈ η⊥1 ∩ · · · ∩ η⊥n with d(v, w) ≤ c.
Proof. Recall that η⊥i = {v ∈ V | ηi(v) = 0}. First suppose η⊥1 ∩ · · · ∩ η⊥n = {0}. Then the ηi
generate the dual space V ∨. We may assume that η1, . . . , ηk is a basis for the dual space. Let
e1, . . . , ek be the dual basis in V associated to η1, . . . , ηk. If v ∈ V is a vector with |ηi(v)| ≤ 1 for
all i = 1, . . . , k, then v ∈ Q := {∑ki=1 eiλi | λi ∈ [−1, 1]} ∼= [−1, 1]k. This set Q ⊆ V is compact
and hence bounded.
For the general case we put H := η⊥1 ∩· · ·∩η⊥n and we choose a complementary subspaceW ⊆ V ,
such that V = W ⊕H. The previous argument shows that every vector v ∈ V , with |ηk(v)| ≤ 1
for all k = 1, . . . , n, is contained in Q+H, where Q is compact. The claim follows. 
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Our proof of Theorem 6.2 will rely on the results about ultrapowers in the previous section.
The ultrapower ∗V of V is a finite dimensional vector space over ∗R, with dual space (∗V )∨ ∼=
∗(V ∨). We put
∗Vfin = {v ∈ ∗V | ∗||v|| ∈ ∗Rfin}
and
∗Vinf = {v ∈ ∗V | ∗||v|| ∈ ∗Rinf},
where ||.|| is a euclidean norm on V . There is a split short exact sequence of ∗Rfin-modules
0 ∗Vinf ∗Vfin V 0.
std
inc
By property (bl) we have
(2) ∗Vfin = {v ∈ ∗V | ∗ν(v) ∈ ∗Rfin} and ∗Vinf = {v ∈ ∗V | ∗ν(v) ∈ ∗Rinf}.
By Theorem 5.2, the horofunctions are the maps
hp(u) = std(
∗δ(p, u)− ∗δ(p, o)) = std(∗ν(p− u)− ∗ν(p)),
for p ∈ ∗V and u ∈ V . Our goal is now to analyze these horofunctions more closely. We define
some more combinatorial data.
Definition 6.4. For k, ` ∈ K we put
Hk,` := (ξk − ξ`)⊥ = {v ∈ V | ξk(v) = ξ`(v)} ⊆ V.
For a nonempty subset L ⊆ K we put
HL :=
⋂
k,`∈L
Hk,` = {u ∈ V | ξk(u) = ξ`(u) for all k, ` ∈ L}.
If k 6= `, then the set Hk,` is a hyperplane in V . If L = {k} then HL = V and if L = K then
HL = {0}. If L ⊆ K is a dual face, then HL is the linear subspace of V which intersects the
affine span FL of {ξ` | ` ∈ L} orthogonally (if we identify V ∨ with V via the euclidean inner
product). In the case where L is a dual face, we have thus
dim(V ) = dim(HL) + dim(FL).
All these objects ξi, Hk,` etc. extend in a natural way as ∗ξi, ∗Hk,` etc. to the ultrapower ∗V of V
which we consider now.
Lemma 6.5. Let L ⊆ K be a nonempty set. Then
∗HL + ∗Vfin =
⋂
k,`∈L
(∗Hk,` + ∗Vfin).
Proof. The claim is true if L consists of a single element, so we may assume that L contains at
least two elements. Also, the left-hand side is contained in the right-hand side, since
∗HL + ∗Vfin ⊆ ∗Hk,` + ∗Vfin
for k, ` ∈ L.
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Let v ∈ ⋂k,`∈L(∗Hk,` + ∗Vfin). We claim that v ∈ ∗HL + ∗Vfin. Let c > 0 be the real constant from
Lemma 6.3, for the set of linear forms {ξk− ξ` | k, ` ∈ L and k > `}. Since v ∈ ∗Hk,`+ ∗Vfin holds
for k, ` ∈ L, we have that (∗ξk− ∗ξ`)(v) ∈ ∗Rfin. Therefore there exists an integer n > 0 such that
for every k, ` ∈ L
∗|(∗ξk − ∗ξ`)(v)| ≤ n.
Then ∗|(∗ξk − ∗ξ`)( 1nv)| ≤ 1. By Łos’ Theorem, there exists w ∈ ∗HL such that ∗||w − 1nv|| ≤ c.
Thus nw − v ∈ ∗Vfin. 
Definition 6.6. We say that two nonstandard reals s, t ∈ ∗R have the same order of magnitude,
denoted by s ≈ t if s− t ∈ ∗Rfin. Since ∗Rfin ⊆ ∗R is a subgroup, this is an equivalence relation.
For p ∈ ∗V we put
Kp = {k ∈ K | ∗ξk(p) ≈ ∗ν(p)}
and we note that
(3) ∗ν(p) = max{∗ξk(p) | k ∈ K} = max{∗ξk(p) | k ∈ Kp} = ∗νKp(p).
If p ∈ ∗Vfin, then Kp = K.
Lemma 6.7. For p ∈ ∗V and q ∈ p+ ∗Vfin we have
Kq = Kp.
Proof. Since p − q ∈ ∗Vfin we have ∗ν(p − q), ∗ν(q − p) ∈ ∗Rfin by Equation (2). Now ∗ν(p) ≤
∗ν(p − q) + ∗ν(q) and ∗ν(q) ≤ ∗ν(q − p) + ∗ν(p), whence ∗ν(p) ≈ ∗ν(q). For all k ∈ K we have
ξk(p− q) ∈ ∗Rfin, whence ∗ξk(p) ≈ ∗ξk(q). The claim follows. 
We record at this stage the following.
Lemma 6.8. The normalized horofunctions of V are the maps
hp(u) = std(
∗νKp(p− u)− ∗νKp(p)),
for p ∈ ∗V .
Proof. This is true since Kp−u = Kp by Lemma 6.7 and since ∗ν(p − u) = ∗νKp−u(p − u) by
Equation (3). 
Definition 6.9. We write s  0 if s ∈ ∗R is a nonstandard real with s > n for all n ∈ N (an
infinitely large nonstandard real), and we write s t if s− t 0. For a subset L ⊆ K we put
∗H largeL := {v ∈ ∗HL | ∗ξ`(v) ∗ξk(v) for all ` ∈ L and all k ∈ K − L}.
If q ∈ ∗H largeL , then Kq = L. Note that ∗H largeK = {0}.
Lemma 6.10. For p ∈ ∗V we have
p ∈ ∗H largeKp + ∗Vfin.
In particular, ∗H largeKp 6= ∅.
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Proof. IfKp = {k}, then ∗H{k} = ∗V . Moreover, ∗ξk(p) ∗ξ`(p) for all ` 6= k and thus p ∈ ∗H large{k} .
If k, ` ∈ Kp are different indices, then ∗ξk(p) ≈ ∗ξ`(p) and thus p ∈ ∗Hk,` + ∗Vfin. By Lemma 6.5
we have p = p1 +p2, with p1 ∈ ∗HKp and p2 ∈ ∗Vfin. Suppose that k ∈ Kp and ` ∈ K−Kp. Then
∗ξk(p1) ≈ ∗ξk(p) ∗ξ`(p) ≈ ∗ξ`(p1). Thus p1 ∈ ∗H largeKp and p ∈ ∗H
large
Kp
+ ∗Vfin. 
Note that p ∈ ∗Vfin if and only if Kp = K. For the remaining points p ∈ ∗V we have the following
result.
Lemma 6.11. For every p ∈ ∗V − ∗Vfin, the set Kp is a dual face.
Proof. We put p = p1 + p2, with p1 ∈ ∗H largeKp and p2 ∈ ∗Vfin, as in Lemma 6.10. Then Kp = Kp1
by Lemma 6.7. Also, p1 6= 0 because p 6∈ ∗Vfin. We put q = 1∗ν(p1)p1. Then ∗ν(q) = 1 and
Kp = Kp1 = {k ∈ K | ∗ξk(q) = 1},
because ξk(p1)  ξ`(p1) holds for all ` ∈ K −Kp1 and all k ∈ Kp1 . Łos’ Theorem shows that
a subset L ⊆ K is a dual face if and only if there exists v ∈ ∗B with ∗ν(v) = 1, such that
L = {` ∈ K | ξ`(v) = 1}. Hence Kp is a dual face. 
We are now ready to prove Theorem 6.2.
Proof of Theorem 6.2. Let hq be any normalized horofunction and let u ∈ V . If q ∈ ∗Vfin, we put
p = std(q). Then
std(∗ν(q − u)) = std(∗ν(p− u)) = ν(p− u)
by Equation (2) and thus
hq(u) = std(
∗ν(q − u)− ∗ν(q)) = ν(p− u)− ν(p).
Suppose now that q ∈ ∗V − ∗Vfin. Then q = q1 + q2, with q1 ∈ ∗H largeKq and q2 ∈ ∗Vfin. We put
p = std(q2) and x = ∗ν(q1)  0, using Lemma 6.10. For all k ∈ Kq we have ∗ξk(q1 + q2 − u) =
x+ ∗ξk(q2 − u) and thus
∗ν(q − u) = ∗νKq(q1 + q2 − u) = x+ ∗νKq(q2 − u).
Similarly, ∗ν(q) = ∗νKq(q1 + q2) = x+ ∗νKq(q2) and therefore
∗ν(q − u)− ∗ν(q) = ∗νKq(q2 − u)− ∗νKq(q2).
Hence
hq(u) = std(
∗ν(q − u)− ∗ν(q)) = std(∗νKq(q2 − u)− ∗νKq(q2)) = νKq(p− u)− νKq(p).
This shows that all horofunctions are as claimed in Theorem 6.2.
Conversely, we claim that each of these functions is indeed a horofunction. This is clear by
definition for the functions
v 7−→ ν(p− v)− ν(p), for p ∈ V.
Suppose that L ⊆ K is a dual face. We fix a vector u ∈ V with ν(u) = 1 such that L = {` ∈ K |
ξ`(u) = 1}. There exists ε > 0 such that ξk(u) < 1−ε for all k ∈ K−L. We choose a nonstandard
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real t  0 and we put q = tu. Since tε  0, we have Kq = L and ∗νL(q − u) = t− ∗νL(−u) for
all u ∈ V , whence
hq(u) = νL(−u).
Hence this map is a horofunction. But translation by −p is an isometry in Isomδ(V ) and thus
u 7−→ νL(p− u)− νL(p)
is also a horofunction, for all w ∈ V . This completes the proof of Theorem 6.2. 
Remark 6.12. The previous proof gives us in addition the following. For p ∈ ∗V − ∗Vfin and
u ∈ V we have
(4) hp(u) = νL(q − u)− νL(q),
where L = Kp and q = std(p2) in the decomposition p = p1 + p2, with p1 ∈ H largeKp and p2 ∈ ∗Vfin
as in Lemma 6.10.
We noted above that the abelian group V ⊆ Isomδ(V ) acts on the set of normalized horofunctions.
To fix some notation, we put
τw(x) = w + x,
for x,w ∈ V . Now we calculate the V -stabilizers of the normalized horofunctions. Since V is
abelian and acts transitively on the sets
{v 7−→ ν(p− v)− ν(p) | p ∈ V } and {v 7−→ νL(p− v)− νL(p) | p ∈ V },
it suffices to do this for the horofunctions
v 7−→ ν(−v) and v 7−→ νL(−v),
where L is any dual face. The first horofunction has 0 as its unique minimum. Hence its
V -stabilizer is trivial. To analyze the second case, we put, for k ∈ L,
Ck,L = {v ∈ V | ξk(v) > ξ`(v) for all ` ∈ L− {k}}.
Lemma 6.13. Let L be a dual face, and k ∈ L. Then Ck,L is a nonempty open set.
Proof. Recall that A0, . . . , Am are the codimension-1-faces of B. We choose a point u ∈ Ak such
that ξ`(u) < 1 for all ` ∈ K − {k}. Therefore u ∈ Ck,L. It is clear from the definition that Ck,L
is open. 
The Ck,L are thus nonempty open positive cones 3 in the vector space V , and
U =
⋃
k∈L
Ck,L = V −
⋃
{Hk,` | k, ` ∈ L and k < `}
is open and dense in V . The Ck,L are precisely the connected components in the complement of
the hyperplane arrangement given by the Hk,`, for k, ` ∈ L with k < `.
Lemma 6.14. If L is a dual face, then the V -stabilizer of νL is HL.
3A cone C in a real vector space W is a subsemigroup C ⊆W , such that sC ⊆ C holds for all s > 0.
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Proof. For w ∈ V we have
(τwνL)(u) = νL(u− w)− νL(−w).
Hence if w ∈ HL, then τwνL = νL. Therefore HL is contained in the stabilizer of νL.
Let w ∈ V and suppose twνL = νL. We choose ` ∈ L in such a way that νL(−w) = ξ`(−w).
Let k ∈ L be arbitrarily. Since Ck,L is an nonempty open cone, Ck,L ∩ (w + Ck,L) 6= ∅. Hence
we may choose an element v ∈ Ck,L in such a way that v − w ∈ Ck,L. Then νL(v) = ξk(v) and
νL(v − w) = ξk(v − w). Since
νL(v) = νL(v − w)− νL(−w),
we conclude that
ξk(v) = ξk(v)− ξk(w)− ξ`(−w),
whence ξk(w) = ξ`(w). Since k ∈ L was chosen in an arbitrary way, ξk(w) = ξ`(w) holds for all
k ∈ L, whence w ∈ HL. 
Lemma 6.15. Let L,L′ ⊆ K be two different dual faces and let p ∈ V . Then
ν 6= τpνL 6= νL′ .
Proof. The V -stabilizer of ν is trivial, while the V -stabilizer of τpνL is HL 6= {0}. This shows
the first inequality.
Assume towards a contradiction that τpνL = νL′ . For every k′ ∈ L′, there exists some k ∈ L
such that U = (p+ Ck,L) ∩ Ck′,L′ is nonempty. For u ∈ U we have
(5) ξk′(u) = ξk(u− p)− νL(−p)
Since U is open, Equation (5) holds for all u ∈ V , because two affine hyperplanes in V ×R which
intersect in a nonempty open set are equal. Thus k = k′ and hence L′ ⊆ L, Similarly, we have
L′ ⊇ L. This is a contradiction. 
Lemma 6.16. Let L be a dual face. Then there exists a linear subspace WL ⊆ V such that
V = HL ⊕WL and such that νL is an asymmetric norm on WL.
Proof. We need to find a subspace WL which is a complement of HL, such that WL ∩NL = {0},
where NL = {v ∈ V | νL(v) ≤ 0} is the negative cone of νL. Then νL restricts to an asymmetric
norm on WL.
We put η =
∑
`∈L ξ`. There exists u 6= 0 such that ξ`(u) = 1 holds for all ` ∈ L. Therefore
η(u) 6= 0 and thus η 6= 0. Since u ∈ HL, we have V = HL + η⊥. We choose a subspace WL ⊆ η⊥
such that V = HL ⊕WL. Suppose that w ∈ WL ∩ NL. Then ξ`(w) ≤ 0 for all ` ∈ L. On the
other hand η(w) = 0, whence ξ`(w) = 0 for all ` ∈ L. Thus w ∈ HL and therefore w = 0. This
shows that νL restricts to an asymmetric norm on WL. 
Combining these results, we can describe the bordification V̂ of V now as a stratified space.
Recall that Σ = {L ⊆ K | L is a dual face}. We put
VL = V/HL for L ∈ Σ and VK = V.
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Theorem 6.17. There is a V -equivariant bijection
Φ : V̂ −→
⊔
{VL | L ∈ Σ ∪ {K}}
given by
Φ[v 7−→ ν(p− v)− ν(p)] = p
and
Φ[v 7−→ νL(p− v)− νL(p)] = p+HL
The restriction of Φ−1 to each of the vector spaces VL is a homeomorphism.
On the right-hand side we have to use the disjoint union since it may happen that HL = HL′
holds for different dual faces L,L′, eg. if B is a cube.
Proof. By Lemma 6.15, the map Φ is well-defined and surjective. By Lemma 6.14, it is also
injective. The V -stabilizer of the map [v 7−→ ν(p − v) − ν(p)] is trivial and the V -stabilizer of
the map [v 7−→ νL(p− v)− νL(p)] is HL by Lemma 6.14. Hence Φ is an equivariant bijection.
For the horofunctions v 7−→ ν(p − v) − ν(p), the map Φ is just the inverse of the topological
embedding V −→ V̂ and therefore a homeomorphism.
Assume now that L ⊆ K is a dual face and put ϕp(v) = νL(p− v)− νL(p). Let WL ⊆ V be as in
Lemma 6.16. The map p 7−→ ϕp is a continuous map WL −→ V̂ ⊆ IBnd,0(V ) by Lemma 6.1. If
we combine it with the restriction map IBnd,0(V ) −→ IBnd|WL,0(WL), we obtain an embedding
WL 7−→ ŴL. Therefore the map WL −→ V̂ is also an embedding. Now there is an isomorphism
of topological vector spaces WL −→ VL = V/HL and thus Φ−1 is a homeomorphism on VL. 
The description of the horofunctions in Theorem 6.2 allows us also to describe the horofunctions
using rays in V .
Definition 6.18. Let L ⊆ K be a dual face. We put
H+L = {v ∈ HL | ξ`(v) > ξk(v) for all ` ∈ L and k ∈ K − L}.
From the definition of a dual face we see that H+L 6= ∅. Thus H+L is a nonempty open cone in
HL. For formal reasons it will be convenient to put
H+K = HK = {0}.
Lemma 6.19. Let L be a dual face and assume that w ∈ H+L . Then the family of functions
(τ−twν)t>0 converges in IBnd,0(V ) to νL as t gets large.
Proof. There exists ε > 0 such that ξ`(v) > ξk(v) holds for all ` ∈ L, k ∈ K − L and v ∈ Bε(w).
Hence τ−twν and τ−twνL = νL agree on the ball Btε(0), for t > 0. As t grows, this ball becomes
arbitrarily large. 
We note also the following. If w ∈ V is a nonzero vector, then the set
K(w) = {` ∈ K | ξ`(w) = ν(w)}
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is a dual face 4, and w ∈ H+K(w). Moreover {u ∈ H+L | ν(u) = 1} is an open face of the polyhedron
B = {u ∈ V | ν(u) ≤ 1}. In particular,
V − {0} =
⊔
{H+L | L ⊆ K is a dual face}.
The sets H+{`}, for ` ∈ K, are pairwise disjoint open cones in V , and their union is dense in V .
Proposition 6.20. Let p, w ∈ V . Then the family of normalized horofunctions
u 7−→ ν(p+ tw − u)− ν(p+ tw)
converges to the normalized horofunction u 7−→ νK(w)(p − u) − νK(w)(p) as t gets large, where
K(w) = {` ∈ K | ξ`(w) = ν(w)}. In particular, every normalized horofunction arises as such a
limit along an affine line in V .
Proof. This follows from Lemma 6.19 and the remark preceding this proposition. 
Now we improve on Theorem 6.17 by describing the topology on the right-hand side.
Definition 6.21. Let L be a dual face. Given ε > 0 and q ∈ V , we put D = q + Bε(0) + H+L
and
U(L, ε, q) = D unionsq
⊔
{(D +HL′)/HL′ | L′ ∈ Σ with L′ ⊇ L} ⊆
⊔
{VL′ | L′ ∈ Σ ∪ {K}}.
We put also
U(K, ε, q) = q +Bε(0) ⊆ V ⊆
⊔
{VL′ | L′ ∈ Σ ∪ {K}}.
We note that the collection of these sets is invariant under the action of the group V by trans-
lations. Now we show that these sets form a basis for the topology imposed on
⊔{VL′ | L′ ∈
Σ ∪ {K}} by the bijection Φ in Theorem 6.17.
Lemma 6.22. Let L ∈ Σ∪{K}. Given real numbers r, s > 0 there exist ε > 0 and q ∈ H+L such
that
|νL(−u)− ϕ(u)| < s
holds for every u ∈ B¯r(0) and every normalized horofunction ϕ with Φ(ϕ) ∈ U(L, ε, q).
Proof. We put ε = s2γ , where γ > 0 is as in Lemma 6.1.
Suppose that K = L. Then |ν(−u)−ν(p−u)+ν(p)| < s holds for every p ∈ U(K, ε, 0) = Bε(0).
Now suppose that K 6= L. Then we choose q ∈ H+L in such a way that for all u ∈ B¯r+ε(q) we
have (ξ` − ξk)(u) > 0 whenever ` ∈ L and k ∈ K −L. 5 Let p1 ∈ Bε(0) and p2 ∈ H+L . If L′ ⊆ K
is any subset containing L and if u ∈ B¯r(0), we have
|νL(−u)− νL′(q + p1 + p2 − u) + νL′(q + p1 + p2)|
= |νL(−u)− νL(q + p1 + p2 − u) + νL(q + p1 + p2)|
4The relation between Kw and K(w) is as follows. If t 0 is a nonstandard real, then Ktw = K(w).
5This is possible because every w ∈ H+L has a small neighborhood such that for every u in this neighborhood,
(ξ` − ξk)(u) > 0, for k, ` as above. Then we multiply w by a large real number to obtain q.
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= |νL(−u)− νL(p1 − u) + νL(p1)| < 2γε = s.
The claim follows. 
Proposition 6.23. Let L ∈ Σ∪ {K}, let ε > 0 and q ∈ V . Then the set Φ−1(U(L, ε, q)) ⊆ V̂ is
open.
Proof. We have to show that for every normalized horofunction ϕ ∈ Φ−1(U(L, ε, q)) there exist
r, s > 0 such that every normalized horofunction ψ with
|ϕ(u)− ψ(u)| < s for all u ∈ B¯r(0)
is contained in the set Φ−1(U(L, ε, q)). From the definition of U(L, ε, q), we may write
ϕ(u) = νL′(q + q1 + q2 − u)− νL′(q + q1 + q2),
with q1 ∈ Bε(0) and q2 ∈ H+L and L′ ⊇ L a dual face, or L′ = K. We put
D = q +Bε(0) +H
+
L .
If L′ ⊇ L is a dual face or if L′ = K, then
(6) H+L′ ⊆ H+L ⊆ Bε(0) +H+L .
We argue by contradiction, using again the ultrapower.
Suppose that the claim is false. Then we find for every pair of natural numbers (m,n) a coun-
terexample, that is, a normalized horofunction
ψm,n(u) = νLm,n(pm,n − u)− νLm,n(pm,n),
which satisfies
|ϕ(u)− ψm,n(u)| < 2−m for all u ∈ B¯2n(0),
and which is not in U(L, ε, q). We note also that then
|ϕ(u)− ψm,n(u)| < 2−m′ for all u ∈ B¯2n′ (0)
holds for all m′ ≤ m and all n′ ≤ n. The ω1-saturation of the ultrapower gives us therefore an
L′′ ∈ Σ ∪ {K}, a point p ∈ ∗V , and nonstandard reals r, s > 0 with r  0 and s ∈ ∗Rinf , such
that
(7) ∗|∗ϕ(u)− ∗νL′′(p− u) + ∗νL′′(p)| < s
holds for all u ∈ ∗Br(0). The map ∗V −→ ∗R given by v 7−→ ∗νL′′(p−v)− ∗νL′′(p) is not contained
in ∗U(L, ε, q). In case L′′ ⊇ L′, we have therefore necessarily p 6∈ ∗D + ∗HL′′ . The Inequality (7)
shows that for all u ∈ V we have
ϕ(u) = std(∗νL′′(p− u)− ∗νL′′(p)),
because r  0 and std(s) = 0. We distinguish three cases.
Case (i). If p ∈ ∗Vfin we put w = std(p). Then
νL′(q + q1 + q2 − u)− νL′(q + q1 + q2) = ϕ(u) = νL′′(w − u)− νL′′(w)
holds for all u ∈ V . But then L′ = L′′ by Lemma 6.15, and q+ q1 + q2 + v = w for some v ∈ HL′
by Lemma 6.14. Thus w is contained in the open set D + HL′ . This set is open and contains
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therefore a small ε′-neighborhood of w, for some real ε′ > 0. Hence ∗D+∗HL′ contains p, because
∗d(w, p) < ε′ holds for every positive real ε′ > 0. We have arrived at a contradiction.
Case (ii). Suppose next that p ∈ ∗V − ∗Vfin and that L′′ = K. For u ∈ V we have then
std(∗νK(p− u)− ∗νK(p)) = hp = ϕ.
We decompose p as p = p1 + p2, with p1 ∈ ∗H largeKp and p2 ∈ ∗Vfin as in Lemma 6.10. If we put
w = std(p2), then
hp(u) = νKp(w − u)− νKp(w).
Therefore L′ = Kp and w + v = q + q1 + q2 for some v ∈ HL′ by Lemma 6.15 and Lemma 6.14.
We have
p1 − v ∈ ∗H largeL′ ⊆ ∗H+L′ ⊆ ∗(HL)
by Equation 6, and the right-hand side is a subsemigroup of ∗V . As in the previous case, we have
also
p2 + v ∈ ∗D = q + ∗Bε(0) + ∗H+L = q + ∗Bε(0) + ∗(H+L ).
Thus
p = p1 + p2 ∈ q + ∗Bε(0) + ∗(H+L ) = ∗D.
Again, we have arrived at a contradiction.
Case (iii). Suppose finally that p ∈ ∗V − ∗Vfin and that L′′ ( K. We choose p′ ∈ ∗H+L′′ in such a
way that ξ`(p′ + p+ u) ξk(p′ + p+ u) holds for all ` ∈ L′′, all k ∈ K − L′′ and all u ∈ ∗Vfin. 5
Thus Kp+p′ ⊆ L′′, and
∗νL′′(p− u)− ∗νL′′(p) = ∗νL′′(p+ p′ − u)− ∗νL′′(p+ p′) = ∗ν(p+ p′ − u)− ∗ν(p+ p′)
holds for all u ∈ ∗Vfin. Therefore Kp+p′ = L′ by Remark 6.12, and thus L′′ ⊇ L′ ⊇ L. We
decompose p + p′ = p1 + p2, with p1 ∈ ∗H+L′ and p2 ∈ ∗Vfin as in Lemma 6.10, and we put
w = std(p2). Then w + v = q + q1 + q2 for some v ∈ H ′L and hence
p2 + v ∈ ∗D = q + ∗Bε(0) + ∗(H+L )
as in the previous case. Moreover, p1 − v ∈ ∗H+L′ ⊆ ∗(H+L ). Thus p + p′ ∈ ∗D and therefore
p ∈ ∗D +HL′′ . Again, this is a contradiction. This last case finishes the proof. 
Theorem 6.24. The sets U(L, ε, q), for ε > 0, q ∈ V and L ∈ Σ ∪ {K}, form a basis for the
topology imposed on
⊔{VL | L ∈ Σ ∪ {K}} by the bijection Φ.
Proof. By Proposition 6.23 the sets U(L, q, ε) are open and by Lemma 6.22 the sets containing
a given point form a neighborhood basis of this point. 
Corollary 6.25. Let p ∈ V , Then the set
{U(L, ε, p+ q) | q ∈ H+L and ε > 0}
is a neighborhood basis of the point p+HL ∈ VL in
⊔{VL | L ∈ Σ∪{K}}, in the topology imposed
by Φ.
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Proof. Assume first that p = 0. Then 0 ∈ q + Bε(0) + H+L + HL = Bε(0) + HL, hence each of
these open sets contains the point HL ∈ VL. By Lemma 6.22, these sets form a neighborhood
basis of the point. The general claim follows now by translation by p. 
Corollary 6.26. Let (pn)n∈N be a sequence in V . Then the sequence of normalized horofunctions
u 7−→ ν(pn − u)− ν(pn)
converges to the normalized horofunction
u 7−→ νL(p− u)− ν(p),
for L ∈ Σ ∪ {K} and p ∈ V if and only if for each q ∈ H+L , we have
lim
n→∞ d(pn, p+ q +H
+
L ) = 0.
Proof. We have U(L, ε, p+ q) ∩ V = p+ q +Bε(0) +H+L . 
This yields in particular another proof of Proposition 6.20.
Corollary 6.27. For L ∈ Σ ∪ {K}, the closure of VL in
⊔{VL | L ∈ Σ ∪ {K}}, in the topology
imposed by Φ, is
⊔{VL′ | L′ ∈ Σ ∪ {K} with L ⊇ L′}.
The combinatorial structure of the stratification of V̂ in Theorem 6.17, with respect to the
closure operation, is therefore poset-isomorphic to the poset (Σ ∪ {K},⊆). This poset, in turn
is anti-isomorphic to the poset of all proper faces of B, including the empty face.
Now we show that there is a homeomorphism between V̂ and the dual polyhedron B∨ of B. We
use generalized moment maps, similarly to [Ful93, JS17]. To construct such a homeomorphism
we define auxiliary maps. For L ∈ Σ ∪ {K} we put
aL(p) =
∑
k∈L
exp(ξk(p))ξk
bL(p) =
∑
k∈L
exp(ξk(p))
cL(p) =
aL
bL
.
Remark 6.28. We note the following.
(i) The Taylor expansion of bL(p+ tv) at the point p is
bL(p+ tv) =
∑
k∈L exp(ξk(p))(1 + tξk(v) +
1
2 t
2ξk(v)
2 + · · · ).
Hence the derivative of bL at p is
Db(p)(v) = aL(p)(v)
and the Hessian of bL at p is the quadratic form
Hb(p)(v) =
∑
k∈L
exp(ξk(p))ξk(v)
2.
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(ii) Therefore cL(p) is the derivative of the map
fL(p) = log(cL(p)).
(iii) The image of cL is contained in the convex hull B∨L of {ξk | k ∈ L}, which is a face in the
dual polyhedron B∨ ⊆ V ∨.
(iv) If v ∈ HL, then cL(p + v) = cL(p), because aL(p + v) = exp(ξL(v))aL(p) and bL(p + v) =
exp(ξ`(v))bL(v), for any choice of ` ∈ L.
(v) Since V −→ VL is an open map, the map VL 7−→ V ∨, p+HL 7−→ cL(p) is continuous.
Lemma 6.29. Let L ∈ Σ ∪ {K}. Then the map p+HL 7−→ cL(p) is injective and open on VL.
Proof. Let WL ⊆ V be a linear subspace such that V = WL ⊕HL. We claim that
(cL(q)− cL(p))(q − p) > 0
holds for all p, q ∈WL with p 6= q. This will clearly show that cL is injective onWL. The Hessian
of the map fL is
HfL(p)(v) =
bL(p)HbL(p)(v)−DbL(p)(v)2
bL(p)2
.
We claim that this quadratic form is positive definite. We put ek = exp(ξk(p)) for short, and we
have to show that ∑
k,`∈L
eke`ξk(v)
2 >
∑
k,`∈L
eke`ξk(v)ξ`(v)
holds for all v 6= 0. Equivalently, we have to show for v 6= 0 that
(8)
∑
(k,`)∈M
eke`(ξ`(v)
2 + ξk(v)
2) >
∑
(k,`)∈M
2eke`ξ`(v)ξk(v),
where M = {(k, `) ∈ L× L | k < `}. Young’s Inequality says that x2 + y2 ≥ 2xy, with equality
if and only if x = y. Hence the left-hand side of Inequality (8) is not smaller than the right-hand
side. If we would have equality, then we would have ξk(v) = ξ`(v) for all k, ` ∈ L and thus v = 0.
Therefore the Hessian of fL is positive definite. This implies by convexity that
(DfL(q)−DfL(p))(q − p) > 0
holds for all p, q ∈WL with p 6= q, see eg. [RW98] Thm. 2.14. This follows also directly, since
(DfL(q)−DfL(p))(q − p) =
∫ 1
0
HfL((1− t)p+ tq)(q − p)dt.
Since HfL is positive definite, the derivative DcL(p) of cL has rank dim(WL) = dim(VL) at every
point p ∈WL. Hence cL is an open map on WL ∼= VL. 
Definition 6.30. We define a map
c :
⊔
{VL | L ∈ Σ ∪ {K}} 7−→ B∨
by putting
c(p+HL) = cL(p) for L ∈ Σ and c(p) = cK(p) for p ∈ V.
Lemma 6.31. The map c is continuous.
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Proof. Let q0 ∈ V and L ∈ Σ ∪ {K}. We show that c is continuous at the point
q0 +HL ∈
⊔
{VL | L ∈ Σ ∪ {K}}.
To this end, we show that given a real number s > 0, we can choose a neighborhood U(L, ε, q0+q)
of q0 +HL in such a way that ||c(p+HL′)−c(q0 +HL)|| < s holds for all p+HL′ ∈ U(L, ε, q0 +q).
Here ||.|| is the dual euclidean norm on V ∨ determined by the euclidean norm ||.|| on V .
We choose ε > 0 in such a way that
||aL(q0 + q1)− aL(q0)||bL(q0)
bL(q0)2
<
s
8
(9)
||aL(q0)|| |bL(q0 + q1)− bL(q0)|
bL(q0)2
<
s
8
(10)
and
bL(q0) < 2bL(q0 + q1)(11)
hold for all q1 ∈ Bε(0). Then we choose ` ∈ L and q ∈ H+L in such a way that
µ
bL(q0)2
∑
j∈K
exp(ξj(q0 + q1)− (ξ` − ξj)(q)) ≤ s
8
(12)
holds for all q1 ∈ Bε(0), where
µ = max{||aL(q0)||, ||ξ1||bL(q0), · · · , ||ξm||bL(q0)}.
Suppose that p+HL′ ∈ U(L, ε, q0 + q). Then L′ ⊇ L and
p+ v = q0 + q1 + q2 + q,
for some v ∈ HL′ , q1 ∈ Bε(0) and q2 ∈ H+L . We compute
bL′(p+ v) =
∑
k∈L
exp(ξk(q0 + q1 + q2 + q)) +
∑
j∈L′−L
exp(ξj(q0 + q1 + q2 + q))
= exp(ξ`(q2 + q))
(∑
k∈L
exp(ξk(q0 + q1)) +
∑
j∈L′−L
exp(ξj(q0 + q1)− (ξ` − ξj)(q2 + q))
)
= exp(ξ`(q2 + q))
(
bL(q0 + q1) +
∑
j∈L′−L
exp(ξj(q0 + q1)− (ξ` − ξj)(q2 + q))
)
.
We expand aL′ similarly and obtain
cL′(p) = cL′(p+ v) =
aL(q0 + q1) + a
′
bL(q0 + q1) + b′
,
with
a′ =
∑
j∈L′−L
exp(ξj(q0 + q1)− (ξ` − ξj)(q2 + q))ξj
and
b′ =
∑
j∈L′−L
exp(ξj(q0 + q1)− (ξ` − ξj)(q2 + q)).
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We note that
||a′||bL(q0)
bL(q0)2
<
s
8
and
||aL(q0)||b′
bL(q0)2
<
s
8
by Inequality (12) and that
1
2
bL(q0)
2 ≤ bL(q0)(bL(q0 + q1) + b′)
by Inequality (11). Hence we have, by the Inequalities (9) and (10),∥∥cL′(p)− cL(q0)∥∥ = ∥∥∥∥aL(q0 + q1) + a′bL(q0 + q1) + b′ − aL(q0)bL(q0)
∥∥∥∥
=
||(aL(q0 + q1) + a′)bL(q0)− aL(q0)(bL(q0 + q1) + b′)||
bL(q0)(bL(q0 + q1) + b′)
≤ 2 ||(aL(q0 + q1) + a
′)bL(q0)− aL(q0)(bL(q0 + q1) + b′)||
bL(q0)2
≤ 2 ||(aL(q0 + q1) + a
′ − aL(q0)||bL(q0)
bL(q0)2
+ 2
||aL(q0)||(bL(q0 + q1) + b′ − bL(q0))
bL(q0)2
≤ 2(||(aL(q0 + q1)− aL(q0)||bL(q0)
bL(q0)2
+ 2
||a′||bL(q0)
bL(q0)2
+ 2
||aL(q0)||(|bL(q0 + q1)− bL(q0)|)
bL(q0)2
+ 2
||aL(q0)||b′
bL(q0)2
≤ s. 
We need at this stage a topological result.
Lemma 6.32. Let f : (X,A) −→ (Y,B) be a continuous map of compact topological pairs.
Assume A = f−1(B) and that the restriction f : X − A −→ Y − B is injective and open. If
X−A and Y −B are homeomorphic to Rn, then the restriction f : X−A −→ Y −B is surjective.
Proof. We consider the induced map f¯ : X/A −→ Y/B. Both spaces are compact (they are
Hausdorff since X and Y are regular) and may therefore be identified with the Alexandrov
compactifications of X − A and Y − B, respectively. Hence X/A ∼= Sn ∼= Y/B. It suffices to
show that f¯ is surjective. Let p ∈ X − A and q = f(p). Since f is a homeomorphism near
p, we obtain by excision in singular homology an isomorphism f¯∗ : Hn(X/A, (X − {p})/A) −→
Hn(Y/B, (Y − {q})/B). From the long exact homology sequence we obtain an isomorphism
f¯∗ : Hn(X/A) −→ Hn(Y/B). Thus f¯ has degree ±1 and is therefore surjective. Indeed, if f¯
was not surjective, then f¯ would factor through a map X/A −→ Y/B − {y} −→ Y/B, for some
y ∈ Y/B. But Y/B − {y} is contractible, whence f¯∗ = 0. On the other hand, f¯∗ 6= 0 because
Hn(X/A) ∼= Z. Hence f¯ is surjective. 
For L ∈ Σ∪{K} we let B∨L denote the face of B∨ whose vertex set is {ξ` | ` ∈ L}, and UL ⊆ B∨L
the corresponding open face.
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Theorem 6.33. The map c is a homeomorphic between V̂ and B∨ that maps VL homeomorphi-
cally onto UL, for each L ∈ Σ ∪ {K}.
Proof. The restriction of the continuous map c to any stratum VL is injective by Lemma 6.29.
Since cL is an open map, c(VL) is contained in the open face UL ⊆ B∨L . These open faces partition
B∨ and thus c is injective. Given L ∈ Σ ∪ {K}, let A denote the union of all VL′ with L′ ( L,
and put X = VL ∪ A. Then (X,A) is a compact pair. Let M denote the union of all proper
faces of the face B∨L . Then (B
∨
L ,M) is also a compact pair, and c restricts to a map of pairs
f : (X,A) 7−→ (B∨L ,M). The assumptions of Lemma 6.32 are satisfied and thus f is surjective.
Hence c is surjective. Being a continuous bijection between compact spaces, it is a homeomor-
phism. 
References
[Gut] A. W. Gutiérrez, The horofunction boundary of finite-dimensional `p spaces, Colloq. Math. 155
(2019), no. 1, 51–65.
[BS69] J. L. Bell and A. B. Slomson, Models and ultraproducts: An introduction, North-Holland Publishing
Co., Amsterdam, (1969).
[BS14] C. Bennett and P. Schwer, On axiomatic definitions of non-discrete affine buildings., with an ap-
pendix by Koen Struyve, Adv. Geom. 14, no. 3, 381–412, (2014).
[BJ06] A. Borel and L. Ji, Compactifications of symmetric and locally symmetric spaces, Mathematics:
Theory & Applications, Birkhäuser Boston, Inc., Boston, MA, (2006).
[Bou02] N. Bourbaki,Lie groups and Lie algebras. Chapters 4–6 , Elements of Mathematics (Berlin), Trans-
lated from the 1968 French original by Andrew Pressley, Springer Verlag, Berlin, (2000).
[BH99] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Grundlehren der Mathe-
matischen Wissenschaften, 319, Springer-Verlag, Berlin, (1999).
[Br06] B. Brill, Eine Familie von Kompaktifizierungen affine Gebäude, PhD thesis, Frankfurt, (2006).
[Cha09] C. Charignon, Compactifications polygonales d’un immeuble affine, arXiv:0903.0502v1 [math.GR]
(2009).
[CKS20] C. Ciobotaru, L. Kramer and P. Schwer, Polyhedral compactifications, II, in preparation, (2020).
[Dug66] J. Dugundji, Topology, Allyn and Bacon, Inc., Boston, MA, (1966).
[Ful93] W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies, 131, Princeton University
Press, Princeton, NJ, 1993.
[GJT98] Y. Guivarc’h, L. Ji and J. C. Taylor, Compactifications of symmetric spaces, Progress in Mathe-
matics, 156, Birkhäuser Boston, Inc., Boston, MA, (1998).
[Hit09] P. Hitzelberger, Generalized affine buildings: Automorphisms, affine Suzuki-Ree-buildings and con-
vexity, PhD thesis, Münster, arXiv:0902.1107v1, (2009).
[HSWW17] T. Haettel, A. Schilling, C. Walsh, A. Wienhard, Horofunction compactifications of symmetric
spaces, arXiv:1705.05026v2 (2017).
[JS16] L. Ji, A. Schilling, Polyhedral horofunction compactification as polyhedral ball, arXiv:1607.00564v2
(2016).
[JS17] L. Ji and A. Schilling, Toric varieties vs. horofunction compactifications of polyhedral norms. En-
seign. Math. 63, no. 3-4, 375–401, (2017).
[KL18] M. Kapovich and B. Leeb, Finsler bordifications of symmetric and certain locally symmetric spaces,
Geom. Topol. 22, no. 5, 2533–2646, (2018).
[KL97] B. Kleiner and B. Leeb, Rigidity of quasi-isometries for symmetric spaces and Euclidean buildings,
Inst. Hautes Études Sci. Publ. Math. No. 86, 115–197, (1998).
[KMN06] A. Karlsson, V. Metz and G. A. Noskov, Horoballs in simplices and Minkowski spaces, Int. J. Math.
Math. Sci., Art. ID 23656, 20 pp., (2006)
POLYHEDRAL COMPACTIFICATIONS, I 29
[KN76] J. L. Kelley and I. Namioka, Linear topological spaces, Springer-Verlag, New York, (1976).
[KW14] L. Kramer and R. M. Weiss, Coarse equivalences of Euclidean buildings, Adv. Math. 253, 1–49,
(2014).
[Lan96] E. Landvogt, A compactification of the Bruhat-Tits building, Lecture Notes in Mathematics, 1619,
Springer-Verlag, Berlin, (1996).
[RTW12] B. Rémy, A. Thuillier and A. Werner, Bruhat-Tits theory from Berkovich’s point of view. II Satake
compactifications of buildings, J. Inst. Math. Jussieu 11, no. 2, 421–465, (2012).
[Rob63] A. Robinson, Introduction to model theory and to the metamathematics of algebra, North-Holland
Publishing Co., Amsterdam, (1963).
[RW98] R. T. Rockafellar and R. J.-B. Wets, Variational analysis, Grundlehren der Mathematischen Wis-
senschaften, 317, Springer-Verlag, Berlin, 1998.
[Sch71] H. H. Schaefer, Topological vector spaces, Springer-Verlag, New York, (1971).
[SS12] P. Schwer and K. Struyve, Λ-buildings and base change functors, Geom. Dedicata 157, 291–317,
(2012).
[Wal07] C. Walsh, The horofunction boundary of finite-dimensional normed spaces, Math. Proc. Cambridge
Philos. Soc. 142, no. 3, 497–507, (2007).
[Wer07] A. Werner, Compactifications of Bruhat-Tits buildings associated to linear representations, Proc.
Lond. Math. Soc. (3) 95, no. 2, 497–518, (2007).
